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Abstract. 'We consider the semiclassical description of the fractional quantum Hail effect
based on cooperalive ring exchange. We generalize the original picture to the n =1
Landau level and look at its validity,. We find that the Wigner-crystal-like configurations
which are the starting point for the picture are unstable for fHing fractions »1 2 1/3.
For 11 < 1/3 the effects of ring exchange are quantitatively very similar to those in the
n =0 Landau level.

1. Introduction

The theory of the fractional quantum Hall effect (FQHE) is based on Laughlin’s
wavefunction [1] and its generalizations [2]. These include hierarchical fluids, spin-
singlet states and higher Landau level effects. A semiclassical account of the FQHE
due to Kivelson, Kallin, Arovas and Schrieffer [3] (KKAS) has also been proposed.
This links the stability of the ground-state as a function of the filling fraction of the
lowest Landau level with cooperative tunneling events between classically minimal
energy configurations. The authors claim that this semiclassical picture is consistent
with Laughlin’s theory [4].

The tunnelling events identified by KKAS involve electrons tunnelling coopera-
tively around rings. The contributions to the partition function of these events add
coherently at filling fraction of the lowest Landau level, v = 1/(2p + 1), provided
the (classically stable) initial and final configurations are those characteristic of an
incompressible fluid. In any one process particles tend to remain well-separated and
so at least for particles with short-range repulsive interactions these events should
contribute to a lowering of the free energy.

KKas found an approximate mapping between contributions from these ring ex-
change events to the partition function and those of domain walls in the discrete
Gaussian model on a lattice. The order—disorder transition in the discrete Gaussian
mode] corresponds to a transition between a ‘sparse-ring’ phase in which ring events
do not make a significant contribution to the partition function and a ‘dense-ring’
phase. The ‘sparse-ring’ phase found to be stable at low filling fraction retains the
essential features of the configurations coupled by the ring exchange events which
at low enough temperatures should be Wigner-crystal-like. The ‘dense-ring’ phase is
identified with the incompressible Laughlin fluid.

The transition between the two phases is calculated by KKAS to occur at a filling
fraction of the lowest Landau level between 1/3 and 1/5. This is (perhaps remarkably
given the level of approximation) consistent with recent experimental indications [5,6].
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We consider here whether the semiclassical picture based on cooperative ring
exchange (CRE) makes sense for spin-polarized electrons in a partially filled n = 1
Landau level. Although a partially occupied n = 1 Landau level may not be fully
spin-polarized the properties of spin-polarized electrons in the n = 1 Landau level are
known theoretically at some filling fractions from finite size studies [7]. In particular
it is known that for filling fractions v, < 1/3 fractional quantum Hall states can be
expected much as in the n = 0 Landau level for », < 1. However, the Laughlin state
at v, = 1/3 is not a good description of the ground state of electrons interacting via
the Coulomb interaction in the n = 1 Landau level which is probably gapless and
compressible [8).

We generalize the CRE description of the FQHE to the case of spin-polarized
electrons in the n == 1 Landau level. The system is governed by one parameter,
a(v), just as for the n = O case. o(») measures the contribution per unit length
of the ring of a single cooperative tunnelling process. We find that as in the n = 1
Landau level a(v) decreases monotonically with increasing filling fractions which was
to be expected—at higher filling fractions the modulation of the particle density is
less pronounced and the barriers to tunnelling are smaller.

We also address the question of how the compressibility of the ground state at
v, = 1/3 might be reproduced in this picture. The phase transition in the discrete
Gaussian model is identified with the Wigner crystal/Laughlin fluid transition. The
transition incompressible Laughlin fluid/compressible fluid must have another origin
[9]. We find that the Wigner crystal becomes unstable classically at a filling fraction
v, = 1/3 at which the shear modulus vanishes. As the Wigner crystal is supposed
to be the configuration with the lowest energy classically and forms the starting point
for the semiclassical treatment it is clear that the treatment must break down before
this point.

In the next section we present the generalization of KKAS to the n = 1 Landau
level. In section 3 we give our results and section 4 is a summary. There are also three
appendices which summarize the technical details of the generalizations of various
results known for the n = 0 case to the n = 1 case.

2. Semiclassical formulation

The semiclassical calculation due to KKAS [3] assumes that spin-polarized electrons
occupy a partially filled Landau level. The classical minimum energy state in the basis
of coherent (most localized) states is that in which electrons occupy orbitals localized
about the lattice points (written as complex numbers) R, = X, 4 iY¥; characteristic
of the hexagonal Wigner-crystal lattice (se¢ appendix A)

|Rys Ray. ooy Ryda (1)

The R; are actually complex eigenvalues of the guiding centre operators b;, defined
in equation (10).

The difference between the caiculation for the n = 0 and n = 1 Landau levels
comes about as a result of the difference between the coherent states in the different
Landau levels (see equation (12)). This gives rise to a different effective interaction
between particles, ¥, (IR, — R,|), see equations (19) and (20), but otherwise the
expression for the n = 1 Landau level is as for the n = 0 Landau level.
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The contribution to the partition function of a single tunnelling event of length
L is approximated by (see appendix B)

De~ %~ d?te'“"(")f‘. (2)
o

The term D{R°] accounts for the integral over fluctuations about the classical path
Re. The classica] action is S[Rc), the tunnelling time is .

The sum over contributions from different tunnelling events is approximately equal
to the partition function of the classical discrete Gaussian model in which « is the
inverse temperature. This model has a phase transition which KKAs identified with
the transition from Wigner crystal or ‘sparse-ring’ phase and Laughlin or ‘dense-ring’
phase, The critical value of o is estimated for the hexagonal lattice to lie between
0.7 and 1.3.

The values found for o, () are given in table 1. We also list the coefficients
Q. @, and x which characterize the variation of the effective interaction between
particles (see appendix B). These are all smaller at any given filling fraction in the
n = 1 than in the n = 0 Landau level. This was to be cxpected as the less localized
nature of the orbitals, |R),_,, means that the density is more homogeneous and
hence that the variations in the potential energy surface for the motion of electrons
in the orbitals are less. The less localized hature of the orbitals also means that the
effective mass in the action for the one-dimensional motion after integrating out the
flucutations perpendicular to the tunnelling path is also larger (it varies as 1/Q,) [3].

Table 1. The parametrization of the potential and action for a single cooperative
tunnelling event along a straight line path in a hexagonal Wigner erystal, with lattice
parameter a, for different filling fractions v in the n = 0 and n = 1 Landau levels.
The action of a single event is o per unit length (see equation (39}). wo, (equation
{36)), is the classical action per unit length. The quantities Q;, (Jy and k parametrize
the interparticle interaction about the straight line path, (see equation (34)).

Q:AZ] @lZ]  KE] o
v=1/3 n=1_0 1.2 11.1 35 1.47 1.28
n=1 142 110 35 105 Q.88
v=1/5 n=10 0.99 9.5 2.9 237 2.16
n=1 1.53 12.5 40 2.57 242
v=1/7 n=1{ 0.87 89 2.7 322 3.0
n=1 1.2 10.6 33 346 3.27
v=1/9 n=10 0.32 8.6 246 4.1 39
n=1 1.0 9.6 3.0 43 4,1
v=1/11 n=0 Q.79 8.3 2.6 5.0 4.7
n=1 0.92 9.2 2.8 5.1 4.9
v=1/13 n=0 0.78 8.4 2.5 5.3 56
n=1 0.89 9.0 2.7 6.0 58

The net resuli for the action of a single tunnelling event, e(»)} L, is that it does
not differ greatly between the n = 0 and n = 1 Landau levels for v = 1/5,1/7,....
The values for « in both Landau levels are greater than the estimate of the critical
value o, ~ 1.3 50 that our estimates imply that the critical filling fraction for the
transition from Wigner crystal to Laughlin fluid occurs for filling fractions greater
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than 1/5, although given the number and quality of approximations involved this is is
at best only a rough prediction.

There is a larger difference between o _,(1/3) and &, .4(1/3), with a; < «.
According to the identification made by KKAS of the dense ring phase with the
incompressible Laughlin state the smaller value for o in the n = 1 Landau level
would imply that the 1/3 state were more stable contradicting the results of finite
size calculations. (These show that the », = 1/3 Laughlin state is only marginally
stable.) We show in the next section the v, = 1/3 result is in fact meaningless as
the basis for the semiclassical approximation breaks down.

3. Classical stability of the Wigner crystal

The starting point for the semiclassical treatment has been the configurations which
minimize the classical action. We have assumed that the Wigner crystal gives such a
minimum. The test of the classical stability of the Wigner crystal is the shear modulus,
c,. A negative shear modulus would impiy that the Wigner crystal is not a stable
configuration. In this section we report the calculation of the shear modulus,

Maki and Zotos [10] found that the calculation of the shear modulus requires the
correct treatment of the antisymmetrization of the basis states (22). in appendix C
we outline the definition and calculation of the shear modulus. We show the result
in figure 1.

c
1

C./

0 0.1 0.2 0.3 0.4 0.5

Figure 1. The shear moduius of the Wigner-crysial lattice in the n = 0 and n = 1
Landau levels as a function of filling fraction. The shear modulus is normalized to ils
classical value.
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In the n = 1 Landau level the shear modulus vanishes very close to the filling
fraction v, = 1/3. This result is only approximate as in the calculation we have
neglected three- and higher-body terms in the effective interaction. The correction
terms may well shift slightly the filling fraction at which the shear modulus vanishes,
but it is unlikely to affect the main result, namely that at », = 1/3 the basis for the
semiclassical treatment of the quantum Hall effect is not given.

The apparent compressibility of the ground state of a system of polarized elecirons
in the n = 1 Landau level suggested by the results of finite size studies [7,8] is
consistent with our result that the semiclassical treatment becomes invalid at v, =
1/3. Experimentally something like a plateau has been reported [11] but, as we
have not taken account of inter-Landau level effects nor of the possibility that the
systems studied experimentally are not fully spin-polarized, a direct comparison with
experiment js not possible.

4. Summary

We have generalized the semiclassical treatment of KKAS to the n = 1 Landau level.
The tunnelling probability, «;(~), at the level of approximation we have used is not
significantly different from oy(v) for filling fractions »» < 1/3 at which Laughlin
incompressible fluids might be expected to be stable. This is the result of two effects
which cancel: The tunnelling barricrs are smaller owing to the reduced variation in
charge density which results because the electrons cannot be so well localized in the
n = 1 Landaun Ievel. The more delocalized nature of the electrons also leads to a
larger effective mass in the action functional. The combination of these two effects
leads to similar values for « in the two Landau levels.

The shear modulus of the Wigner crystal vanishes at v, & 1/3. The basis of the
semiclassical treatment is therefore missing for filling fractions near 1/3. This result
is consistent with the result suggested by calculations for small systems of particles
interacting via Coulomb interaction projected onto the n = 1 Landau level that the
ground state at v, = 1/3 is compressible.
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Appendix A. The effective potentials

In the following we keep closely to the notation of Kkas. We consider electrons
(g = —e) in a magnetic field B = — B2 and work always in the symmetric gauge

with the vector potential A; = { Be,; r;. The magnetic length | = \/h/eB.
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Al Cyclotron and guiding centre motions

It is belpful to separate the cyclotron and guiding centre motions of electrons. The
cyclotron position £, 18

e
and the guidmg centre posntxon is given by
S L
R:' - 9 'e heupj' (4)

(The hat distinguishes the operator A from the eigenvalue R, equation (11).)
Ladder operators, a {at), for cyclotron motion may be defined

a =[¢, —i(g/e)E,)/V2L &)
These lower (raise) the Landau level index, n. Raising and lowering operators for
the angular momentum about the origin, b and b*, may also be defined:

b=[R, +i(g/e)R,}/V2L. (6)
These operators obey the canonical commutation relations [a,a™] = [6,b1] = 1.
A.2. Coherent states

The basis states for our calcuiations are the coherent states localized about the points
R=X41iY

et} muto 5

IR), = L otAv =R /2, ™
where [0}, satisfies

e]0), =0 - S : (8)

bj0), = 0. ©)
The states |R), are eigenstates of b

blR), ﬂtmn (10)

R

A{ripT = n(Rlﬁ' ' : (11)
Here R = X —iY. The corresponding Schrédinger wavefunctions are

, 1 - R\" Gz 2 24412

(:R-3R)/41* -2~ R|*/4l

qu,n (""rrlzn' 1/2 ( \/—l ) e z ) e [z l / . (12)
These are not orthogonal as

(R RY, = 8, el R R-RRO/AP = RBP4, (13)

The N-body states we use as a basis in the estimation of the ring exchange action
are just the unsymmetrized product states

w=ER17R21‘-'1RN>n' (14)

Particles occupy coherent states at the guiding centre coordinates R,,...,Ry. In

the classical minimum energy configuration these form the lattice points of a 2D
hexagonal lattice,
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A.3. Matrix elements

The matrix elements of an arbitrary function, f(r,,), of the separation between two
particles, r,,, between states 1 equation (14) are more easily evaluated if we write

[8]):

d2Q - , d20 . o
f(r12) = /Z—Ef(Q)elQ-fﬂ — fg_v?f(Q)elq.(Rm.{_En)

— fd;Q f(Q)e_qﬁgﬂ/geiq.&neiélafg/ﬁeinamfﬁ. (15)
m

Taken between states which have both particles in the nth Landau f(r;;) may be
replaced by:

jd2Q (Q) —QQIQIE(L (QEIQ/:)))2 QR (16)

and after writing the operator e'@-R:2 as:

i R elqu» /\/' -Q“ﬁ’/z Qib1a /2 (17
the evaluation of matrix elements is straightforward.

A.4. Effective two-body potential

In the estimation of the contribution from the Coulomb interaction between electrons
to the tunnelling action we retain only the two-body interaction (in the following we
set I =1)

V(Ryg) = o (R, Ry | 1 /Iy = ml) | Ry, Ry,

- [ 5z 5 (La(Q7/2)) @ (RumTale=0" (18)
where we have used equations (16) and (17). This gives forn =0 and n = 1
e’T _,
Vizo = ——\[_e ID(Q) (19)
€ \/_ e~ 1 2 2
Vo, = 5 [Io(a)(ll + 4a + 8a?) - [){a)(8a + 8a7)] (20)

where o = R},/8 and I 1y are modified Bessel functions. The derivation of equation
(20) follows simply after writing

- 1d o
(Ly(Q*/2))%e™? = (1- Q%+ Q*/4)e™?’ (1+_+Z_A_)ew

A=1

@b
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A.5. Mali-Zotos potential

In the calculation of the shear modulus Maki and Zotos [10] found that it was
necessary to assume fully antisymmetrized basis functions

[w) = (N3 3 ()7 | Rypays Rogayr -+ - » Rogiyln (22)

cESN

where S, is the set of permutations of N objects. |1} is just a Slater determinant of
single-particle coherent states. The expectation of the interaction energy as a function
of the positions R,,..., Ry may be expanded into effective two-body and higher
order terms

—w 1> —tw)/(w | )

<t il

=ZVMZ(RJ'1;)+ z Va( Ry, B, Ry) + ... (23)

i<k F<k<l

As Maki and Zotos we retain only the effective two-body interaction VM2, which is
given by

£ Mz — n(Rl»RQ i 1/7'12 | RlaRQ)n — n(RIaRZ ' 1/7'12 1 R2’ Rl)n
e? VI Byg) = 1—.{R, Ry | Ry, Ry}, @4
For the n = 0 and n = 1 Landau levels this gives
2
VMZ - ijie—secha Ip(a) (25)
VML \/—: L ~[{I,(a)(11 + 8a®) — I)(a)8a) secha
(Ia(a 4o — I,(x)8a’®) cosech &) (26)

with o = R?/8. The result (25) was first reported by Maki and Zotos [10].

Appendix B
The partition function in the coherent state basis is (assuming continuous paths) [3]

Ziv)~N > &gn(a)/H'DR (r)eSURGY (27

odESN

with

N i
S({R(M}) =f dr {E( S AR, + U(R, )) + Y V(R - Rk)] (28)

j=1 i<k
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Here the R;(r) = (X;(7),Y;(r}) label the coherent states accupied by particles j
at imaginary time 7 and satisfy

R;(0) = R,;1(8) (29)

The sum is over all permutations, o, of the N particles.

The semiclassical approximation consists of identifying the extremal paths of the
action (28), R°(+), with corresponding actions S(R°}, and integrating over quantum
fluctuations about these paths, The approximate evaluation of these integrals involves
expanding the action up to quadratic order in the deviation from the classical path.
Assuming that the paths are independent and do not interfere, the partition function
may be written as a sum over the classical extremizing paths

Z =3 e *(*)DIR°]. (30)

D[Rc] is called the fluctuation determinant and accounts for the contributions from
the fluctuations about R°. The continuous classical extremal paths satisfy

- gV
= By,
) av

As KKAS we assume that the contributions to Z may be counted by starting from
the classically minimal energy state the Wigner crystal with corresponding action, S,.
Baskaran [12] has argued that ring exchange events between any local ciassical energy
minima which might be found in an incompressible Auid will contribute to the non-
analytic behaviour of Z(v) at v = 1/(2n+ 1). However the contribution from these
additional configurations is thought to provide just a (probably small) renormalization
to the non-analyticity [3].

The contribution to Z/Z, of a single ring exchange event involving L particles is
given approximately by

De3(R*) = -(f_—rexp[——an(u)L +i2nf N, + O{ln L)) (32)
0

where
f= %(u"l—l). (33)

The factor Z, has been divided out so that we need only concentrate on the dif-
ference S(R°) = § — S, between the action of the exchange event and the action
of the Wigner crystal. N, is the number of plaquettes of the triangulated classical
configurations between which the system is tunnelling and which are enclosed by the
ring. The factor dr /7, is the usual factor in instanton calculations in which an in-
tegration over the event time is included. =, is the classical time for the tunnelling
event to occur.

Equation (32) follows after assuming that the action of the event does not depend
on the shape of the ring so that the contribution is determined uniquely by its length.
On the basis of this assumption all the effects of the different basis states for the
different Landau levels are accounted for by the different values taken by o, (¢) in
the different Landau levels labelled by the index n.



1772 N d’Ambrumenil and A M Reynolds

B.1. Calculation of e (v)

The treatment of ring exchange in the n = 1 Landau level reduces in the approxima-
tion of KKaS to the estimation of ¢, _, (). We assume that the effects of variations
of the total area of a path associated with deviations from straight line paths par-
ticularly near corners is, as found in the n = 0 Landau level, just to give a small
renormalization of the quantity «. (We we have not checked this numerically for the
n = 1 Landau level.) We therefore consider just a simple ‘straight line exchange’
path.

For cooperative tunnelling of particles along a straight line path of length, L,
parallel to the « direction the interaction term in the action integral is approximated
by

e | &%), @ .
V= . {;—21 [;"—] + (2—:)—2[1 —cos2rX; /a,]

Vv

+33 (A;(k - [25] - ) [Z‘%}f—]z) } @4

The constants @, and @, are evaluated numerically by fitting to the expansion of
the true potential V. Integrating out the motion in the y direction gives an effective
one-dimensional action functional [3]. The classical action is then

(R = ay(v)L (35)
with

ao(v) = (Q./@,)"* (8/v3r) 1. " (36)

The fluctuation determinant D({ R} is evaluated approximately by mapping the
action functional to that of a sine—Gordon field, ¢(z). As mentioned in KKaS the
usual procedure for taking the continuum limit would make the replacement

1 }&""){;_-2 1 &
IS g e |2iz e} | [71 &
3 2k 2l R T

where ¢(j) = 27 X; /a,. This procedure nceds care as « cannot be set equal to the

sum 3, 3(ja,}? K (j) which is logarithmically divergent. Instead we evaluate the
parameter « numerically via

.= R;(O);zf?;(_k)

(37)

k=(ka)

where K (k) is the Fourier coefficient in the expansion

. 1 - s
K,(G-0)=% Y R (k)emtRi=D,
k
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ko = +/£/@Q, is a typical wavelength at which the kinetic and potential contributions
to the action are about equal.

The integration over the sine-Gordon field is known [13]. The final result for the
contribution to the effective action for a straight line tunnelling process involving L
sites is

De~% ~ Ee'“(”)b (38)

T

where a(v) is given by

o) = - (7;;) (%) /2 (%) a/16x (1 B %) 39

Here

2=(2)"(£) @

Expression (39) depends on the three parameters Q ., @, and « which character-
ize the interaction between the particles. In table 1 we give the results for the n =0
and n = 1 Landau levels for the parameters @, Qy, x and « for various ».

Appendix C. The shear modulus

The shear modulus, ¢,, measures the stiffiness (speed of sound) of a lattice. A
negative shear modulus indicates that the lattice is unstable. Both KKas and Maki
and Zotos have given expressions for ¢, for general two-body interactions V(R,,)
between lattice sites in a hexagonal lattice

....._l_ ' Ry
o =1z Zﬂj(mv + R*V") (41)

where the sum is over lattice positions. This can also be written as a sum over
reciprocal lattice vectors

¢, = 16% S (VUGG + V(GG (42)
¥ G0

where V(@) is the Fourier transform of V( R).

Neither expression for ¢, converges rapidly as, for large separations, the effective
interaction VMZ( R) (equations (25) and (26)) is asymptotic to 1/ R. However, if we
separate out the contribution from the Coulomb interaction and write

¢ = Ci + ZSR( V’(R) - Véou]) + R2( VH(R) - Vé:m]) (43)
R
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then with V(R) = VMZ(R) the sum converges quite rapidly, ¢ has been cal-
culated by Bonsall and Maradudin and is known for the hexagonal lattice to be
0.09775v1/2e /1.
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